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External direct products | “

pefinition : If Gy and G, be two groups then the set of all ordered

4irs (81 82) 1 &1 €Gy, g2 € G,) is called the external direct product of G,
y(ﬁ’ The external direct product of G, by G, is wnucn as G X G,.

G1G2=1{g182: 81 €Gy, g2€G],
it should be obviously understood that
GiXGr# Gy x G, and G X Gy # G, Gs.
Thcorem 1. If G, and G, be any two abstract groups then
the set G X G, = (81, 82) : 81 €Gy, g2 € G3]

is @ group with rcspect to the binary operation denoted
multiplicatively and defined as

(81, 82) (hy, hy) = (g; hy, g hs)
where g; h; e Gy, g2 hy € G,.

~ Proof : To prove G X G, is a group, we. havc to satisfy thc
?;followmg properties :

(i) Closure Property : Since G, and G, bc the two' groups.
- 8nhie Gy = g, h, eGy,
and g7, hy € Fo=$82117€ G2
(g1 h1, g2 h) € Gy X G,
G1 X G, is closed.
. (ii) Associativity : f
181, 82) (hy, hy)] (ky, ko),
= (81 hy, 82 h3) (K1, ky)
= [(g1 h1) k1, (82 h) &)
= [g1 (A1 ky), g2 (hy k)]
=(81, 82 (hi'ky , ho kp)
= (g1, 82) [(hy, hy) (kb kz)]

Hence the composition is associative..

% (iii) Existence of ndentlty : If e,
- Giand 62 respectively, then

(e1, €2) € Gy X G,.

€3 be the identities of groups



Also giray= &1 =8

and Lrty=¢3 82 = &2

Now (g &) (e ¢ ») = (£ €1 82 €3) = (81, 8’2)

(€1 €) (10 82) ="(e1 81 €2 82) = (81, 82)

(¢y, €3) € G X G, is the identity element of G; X G2

(iv) Existence of inverse : Lot g4, 82 € G, Thcn
Sni?(;lg’&’lmle G, ;
g€ Gy=>g2"€e Gy

and

AlbOglq "‘g, glzel}
and g, g: ' =g, ' g2 = €2
(g1 g2 (&1 gD = (g7 827 LY. (g1 gz)
= (el e>) the identity, by (1).

g e G X G

= (gr&g) ="
Thus the inverse exists and belongs to the set. N
Hence G| X G, is a group with respect.to the binary compositiop,

Theorem 2. If G, and G, are -groups then the Sub.;,
G x {fex} and {e;} x G, of G; X G are normal sub'g"OUps
G; X G, isomorphic to G; and G respectlvely
Proof : G| X {e3} is a sub-group of G; X Ga.
If Hbea sub—groun then acH, beH = ab™' € H.
Choosea =(g1, €2), b= (hl, e?_) e G; X {es), then
Y ek = (gr, ) (e = (g1 €2) (il e
= (g1, €2) (B!, €2) = (g1 ™t ez €2)
‘ = (g1 Al ex) € Gy X {e}.
‘ gleGl,hleGI:}hl 1eGl,
hence g; 47! € Gj.
This relation shows that G X {e;} is a sub-group of G, X Gg.
Similarly we can prove that {e;} X G, is a sub-group of G; X G;. Noj
we are to prove that G X {e,} is a normal sub- -group of G; X Gy,
‘ A -sub-group H of G is a normal sub-group of G if for héH
X hxle H ¥ xeG.
Hm H=G,x {eg} so that he H is {gl, e2} :
G=G,xG,so thatxe GIXGZ 1s(p q9), peGl,qer I
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fly We can prove (h

Sumila P hat {ey) x @, is o normal sub-group of

» (1"
Now we arc 1o prove that Gy x {ey) is iIsomorphic o ¢,
et f: Gy X {ea} = Gy defined as
J (81, e3) = g,.
Obviously f is one-one as
Fign e =y (hy, e;) = g, = p,
= {81, €2) = (hy, e,).
Also § is onto.
Again  f{{g1. e1) (hy, e,)] =f(g1 hy, e3) =g, I,
=S (&r e2) f(hy, ep)

LC., f(a b) f(a)f(b)'V‘a b e G| X {82}
Hence Gl X {e:} —G‘.

Jenoe Gy X {73} 18 a novmmg) sub. P

Similarly, we can prove that {er} % G, =G,

Theorem 3. If G, and G, are groups, then

(i) G; X fer} N {ey)} x G, = (eq, e3),

i.e. the identity of G, x G,.

{ii) Every element of G; x f{e,} .commutes with every
lement of f{e;} x G,. _

(iti) Every element of G; X G, can be uniquely expressed
is the product of an element of G, x f{ey;} by an element of
[er} x G,. .

Proof : (i) Laet xe AN B = xeA and xeB

S xe€Gy X {e;} = x€ (g4, e7). _

This x can belong to {e;} X e,if g, = ¢,, because in this case

x=(e,ex) € {e;} XG,.

Thus (e,, e;) which is identity of group G, x G, is the only element
i"“f“llmon to G, x {ey} and {e,} X G,; , P

i‘ le, G, x:{e,} N {e2} X Gy = (e, ey).



(ii) Let us consider ae G| X {e,}, .. a =1WL e e Gy
and be {e;} X G, o h=(e), 820 82€6G,.
ab = (g1, €3) (g) ey, € 82) = (g1, &) .
and ba = (e, g5) (g1, €y) = (€1 81, 82 ¢2) = (g, g2).
ab=ba. RS ' | A
Thus every element of G % {éz} commutes with,‘eVé(r‘-y‘jllel’emem‘o
{e1} X G,. L G R ‘
(iii) Suppose ‘(8_13 82) be any ¢lement of G, ~ G,, then
' (81, 82) = (g1 €1, €2 82) ='(g), €2) (e1, ga)
‘ ‘ = product of an element of G, x {e)

‘ by an element of {e]'}-ﬁc(;2
This relation shows that there is at least one representation.
oI (g'l,’ 82) = (h, e3) (ey, hy) be another representation,
then (g, 82) = (h1 ey, e3 hy) = (hy, hy)
iy Vf = g1 =hyand g, = h,.
' Hence the renresentatinn ic rreiae.
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